Abstract. We give a positive answer to the problem of existence of smooth weakly mixing but not mixing flows on some surfaces. More precisely, on each compact connected surface whose Euler characteristic is even and negative we construct smooth weakly mixing flows which are disjoint in the sense of Furstenberg from all mixing flows and from all Gaussian flows.
Introduction.
Smooth flows preserving a smooth positive measure on a compact connected surface are object of interest in this paper. More precisely, we will deal with the realization problem, i.e. with the problem of existence of smooth, flows on surfaces satisfying some prescribed ergodic properties. For the background on the realization problem we refer to [10, Part III] . The problem of existence of ergodic flows on surfaces has been solved by Blokhin in [4] . He constructed examples of ergodic C ∞ -flows on all surfaces, except the sphere, the projective plane, and the Klein bottle on which there are no such flows. For the first two surfaces the absence of ergodic smooth flows follows from the Poincaré-Bendixson theorem. The absence of ergodic smooth flows on the Klein bottle was proved by Aranson [3] and Markley [19] . Moreover, as shown by Kochergin in [14] , on any surface different from the sphere, the projective plane, and the Klein bottle, there is a mixing C ∞ -flow preserving a positive C ∞ -measure.
The problem of whether there exist smooth weakly mixing but not mixing flows on any surface is of certain interest (see [10, Part III] ). In the case where the dimension of a manifold is at least 3, the positive solution of this problem has been given by Anosov and Katok in [2] . Our purpose is to give a positive partial answer in the two-dimensional case. The existence of smooth weakly mixing but not mixing flows on the torus is well known. In this paper we will construct weakly mixing but not mixing smooth flows on any compact connected smooth surface whose Euler characteristic is even and negative. In fact, we will show that such flows can be found in the class of flows constructed by Blokhin in [4] . More precisely, we will deal with flows which can be represented as special flows over irrational rotations with a "symmetric logarithm form" (up to an absolutely continuous function) of the ceiling function. In Section 4, we prove that such flows are weakly mixing (the absence of mixing has been proved in [17] ). Moreover, we will compute some limit distributions of a cocycle given by the ceiling function. These limit distributions, by [6] , give rise to some strong joining properties of such flows. We will conclude that our examples are disjoint from all mixing and all Gaussian flows (in fact, from all ELF flows, see [6] ) and are spectrally disjoint from all mixing flows, whenever the rotation in the base admits a sufficiently fast approximation by rational numbers. This will allow us to prove the following. 
Basic definitions and notation. Assume that
is an ergodic automorphism of a standard probability space. We will also denote by T the associated unitary action
We denote by T f the corresponding cylinder flow acting on (X × R, B ⊗ B(R), µ ⊗ λ) (λ stands for Lebesgue measure on R) by the formula
By (f (n) ) * µ we will mean the measure on R which is the image of µ via f (n) . Therefore (f (n) ) * µ ∈ P(R), where P(R) denotes the space of all probability Borel measures on R. By λ T we will denote Lebesgue measure on the circle T = R/Z, which we will constantly identify with [0, 1). (X g , B g , µ g ), where X g = {(x, s) ∈ X × R : 0 ≤ s < g(x)} and B g (resp. µ g ) is the restriction of B ⊗ B(R) (resp. µ ⊗ λ) to X g . Under the action of the flow T g each point in X g moves vertically at unit speed, and we identify the point (x, g(x)) with (T x, 0). Two flows
, are said to be disjoint in the sense of Furstenberg (see [7] ) if the only ((T (1) (2) ) whose marginals are µ (1) and µ (2) resp. is the product measure. Recall that T (1) and T (2) are spectrally disjoint if the maximal spectral types of T (1) and T (2) are mutually singular.
If α ∈ T is an irrational number, then we denote by T x = x + α the corresponding irrational rotation on (T, B(T), λ T ). For a real number t denote by {t} its fractional part and by t its distance to the nearest integer. We have − t = t and t 1 + t 2 ≤ t 1 + t 2 . For an irrational α ∈ T denote by (q n ) its sequence of denominators (see e.g. [11] ), that is, we have
and [0; a 1 , a 2 , . . . ] stands for the continued fraction expansion of α.
Blokhin's examples.
In this section we briefly recall some examples of ergodic flows which preserve positive smooth measures on surfaces constructed by Blokhin in [4] . More precisely, we will deal with compact connected smooth surfaces whose Euler characteristic is even and negative. Applying Kochergin's arguments (see [15] ), we will deduce that some of the flows can be represented as special flows built over irrational rotations on the circle and under functions which are sums of the symmetric logarithm (i.e. −(log{x} + log{−x})) and absolutely continuous functions.
Let us consider the flow (ϕ t ) t∈R on the plane given by the Hamiltonian H(x, y) = y(x 2 + y 2 − 1). Let R be the ring on the plane bounded by the circles
Then the unit circle consists of two saddle points A = (−1, 0), B = (1, 0) and two separatrices (see Fig. 1 ).
We first present examples of required flows on the smooth surfaces with χ = −2. Let α be an irrational number.
We denote by (ψ t ) t∈R the irrational rotation ψ t (x 1 , x 2 ) = (x 1 +tα, x 2 +t) of the torus T 2 . Let us cut out two disjoint disks D 1 , D 2 from the torus which are disjoint from the circle S = {(x, 0) ∈ T 2 : x ∈ R} and whose centers lie on the segment Fig. 2 ). We will denote by S 1 and S 2 the circles which bound D 1 and
consists of three segments a 1 , c , b 2 of the positive orbit of (0, 0). Now one can construct a C ∞ -diffeomorphism f :
• the segment O [0, 1] is glued with the separatrices of the saddle points on R; more precisely the end of a 1 is glued with the beginning of a 1 , the end of b 1 with the beginning c , the end of c with the beginning of a 2 , and the end of b 2 with the beginning of b 2 ,
• for every x ∈ S \ (0, 0) the positive orbits of x for the flows (ψ t ) t∈R and (ψ t ) t∈R agree on the set
For more details of the construction we refer the reader to [4] . It is clear that Blokhin's construction leads to the flow on the pretzel or on the nonorientable surface with χ = −2. Moreover, the circle S is a transversal curve for (ψ t ) t∈R such that with the exception of the saddle separatrices (which form a set of zero measure) all points from the surface lie on positive orbits which start from S. Of course, the return map on S is rotation by α and moreover the return time map is of class C ∞ on S \ (0, 0). Consequently, (ψ t ) t∈R is measure-theoretically isomorphic to a special flow T f , where T : T → T, T x = x + α and f : T → R is a positive function with finite integral; moreover, f is of class C ∞ on T \ {0}. On the other hand, by the proof of Lemma 3.3 in [15] and arguments presented before this lemma, we can conclude that f (x) = −a log |x| + g(x) on an interval (−ε, ε), where a > 0 and
whenever x ∈ (0, 1). By the continuity of h, we conclude that h = h, and finally that h : T → R is absolutely continuous. Now k-fold repetition of the above procedure of gluing of the flow (ϕ t ) t∈R to the flow (ψ t ) t∈R (in the orientable or nonorientable way) allows us to formulate the following.
Proposition 2. For any irrational α and any compact connected
• has an invariant positive C ∞ -measure, • is measure-theoretically isomorphic to a special flow T f built over the rotation T x = x + α and under a function f (x) = −a(log{x} + log{−x}) + h(x), where a > 0 and h : T → R is an absolutely continuous function.
4. Some properties of cocycles with a single logarithmic singularity. Let us consider f ∈ L 1 (T) with f (x) dx = 0 satisfying the following conditions:
Let T x = x + α be an irrational rotation on the circle. Denote by (q n ) the sequence of denominators of α. By passing to a further subsequence if necessary we can assume that
(the existence of such a subsequence is shown e.g. in [11] ). Set
and consequently (see (4))
Proposition 3. There exist s 0 > 0 and 0 < η < 1 such that
Proof. By passing to a further subsequence we can assume that all q n are even denominators of α, i.e. α > p n /q n (the reasoning in case α < p n /q n is similar). Fix n ∈ N and put q := q n . For j = 0, . . . , q − 1 set
.
. . , x + (q − 1)p/q (mod 1) do not leave A q . Moreover, from (5), for each j = 0, . . . , q − 1 we have 
In fact, for each x ∈ A q and each j = 0, . . . , q − 1, in each interval [j/q, (j + 1)/q] there exists a unique point of the form x + k j α and a unique point of the form −x − l j α. Moreover,
q .
Now applying (2) we obtain
From (3) it follows that if ε > 0 is small enough, then
for all q large enough, which gives (8) .
Applying integration by parts and (8) we get
are pairwise disjoint and the distance of their union from 0 (on the circle) is greater than 1/(100q). Consequently,
f . Now applying (2) and (3) gives
for all q large enough. It follows that
and consequently that
for all q large enough. Therefore by (7) we conclude that there exist s 0 > 0 and 0 < η < 1 such that
whenever |s| ≥ s 0 and q is large enough.
Since the sequence ( f (q n ) ) is bounded in L 2 (T) (see [1] ), by passing to a further subsequence if necessary we can assume that the sequence of distri-
in the space P(R) of Borel probability measures on R. By the proof of Proposition 12 in [18] , we obtain the following conclusion. 
In addition to conditions (1)-(4) assume that f is bounded from below. Let C > 0 be a constant such that f + C > 0.
Corollary 5. The special flow T f +C is weakly mixing and is disjoint from all mixing and all Gaussian flows.
Proof. The disjointness from all mixing and all Gaussian flows follows immediately from Corollaries 1 and 3 in [6] . Now suppose, contrary to our claim, that T f +C is not weakly mixing. Then there exist s ≥ s 0 and a measurable function g : T → T such that
It follows that
contrary to Proposition 3.
Recall now that if h : T → R is an absolutely continuous function with zero mean, then h (q n ) → 0 uniformly (see for instance [8] (p. 189)). Consequently, since
, we obtain the following.
Theorem 6. If h : T → R is an absolutely continuous function with zero mean then
• the cylinder flow T f +h is ergodic,
• if C > 0 satisfies f + h + C > 0 then the special flow T f +h+C is weakly mixing and is disjoint from all mixing and all Gaussian flows.
Consequently, f satisfies conditions (1)-(4).
Spectral disjointness.
In this section we deal with the case where f (x) = − log{x} − 1. We prove that the special flow T f +C is then also spectrally disjoint from all mixing flows, whenever α satisfies the following condition: lim inf n (log q n )q n q n α < ∞.
By passing to a subsequence of (q n ) if necessary we can assume that all q n are even denominators (the reasoning in the case where q n are odd denominators is similar), that
in P(R) and that there exists a bounded sequence (θ n ) of positive numbers such that
There exist positive constants c, c such that
for all positive s large enough.
For the proof we will need some lemmas. However let us first record an immediate consequence of Proposition 7.
Corollary 8. The Fourier transform of the measure has an analytic extension to the complex strip {z ∈ C : |Im z| < c}.
Put q := q n and θ := θ n . Consider the function f q : T → R given by
Then |A q | = 1 − 4q qα . 
which proves the lemma.
Lemma 10. There exists a positive constant c 2 such that
for every x ∈ T and all q.
Proof. First recall that
for all x > 0 and n ∈ N (see the proof of Theorem 8.19 in [20] ). Moreover, by the Stirling formula, there exists c > 0 such that
for every natural n. Put
Since the functions f q and log δ({q ·}) are invariant under rotation by 1/q and are even, we only need to show (9) for 0 ≤ x ≤ 1/(2q). Now applying (10) and (11) ≤ − log x − 2q + 2 log− 2 log q! + 3 log 2 + 2γ ≤ − log x − log 2πq + 2c + 3 log 2 + 2γ ≤ − log qx + 2c + 3 log 2 + 2γ.
Moreover, using (11) we obtain
which completes the proof.
Proof of Proposition 7. Take δ > 0 so that ({−2c 1 − c 2 − δ}) = 0. By Lemmas 9 and 10,
Let s be a real number which is not an atom of and such that s > 2c 1 + c 2 + log 2. Suppose that
by Lemmas 9 and 10. Consequently,
It follows that there exists c > 0 such that
for all s large enough. Now let s be a real number which is not an atom of and such that s > −2c 1 − c 2 + log 2. Suppose that 2q n q n α ≤ e −s−2c 1 −c 2 and
by Lemmas 9 and 10 and λ T (B q n ) = 2(e −s−2c 1 −c 2 −2q n q n α ). Consequently,
for all s large enough.
Proposition 11. Let F : T → R be a strictly positive L 2 -function and {q n } be a rigidity time for T . If the sequence { F (q n ) − q n F (x) dx L 2 } is bounded and a limit distribution of the sequence {(F (q n ) −q n F (x) dx) * λ T } has exponential decay of its tails then the special flow T F is spectrally disjoint from all mixing flows.
Proof. The proof is based on the main result in [6] , from which it follows that (T By taking any h in the cyclic space of g and repeating the above reasoning we deduce that R (u) dν = 0 for every finite measure ν absolutely continuous with respect to τ g . Therefore, (·) = 0 τ g -a.e. On the other hand, by
Corollary 5, has at most a countable number of zeros. Since the measure τ g is continuous we deduce that τ g must be the zero measure, so g is constantly equal to zero and the proof is complete.
Let us recall now that if h : T → R is a function of bounded variation with zero mean, then h (q n ) ∞ ≤ Var h (see for instance [8, p. 73] ). Suppose that 1 is a limit distribution of the sequence {(( f +h) (q n ) ) * λ T }. By Proposition 7, the measure 1 is not a Dirac measure and its tails decay exponentially. Now an application of Corollary 5.3 in [6] and of Proposition 11 gives the following: Finally, an application of Proposition 2 and Theorems 6 and 12 proves Theorem 1.
